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A hybrid numerical approach to predict the vibrational responses of panels excited by a turbulent boundary layer 
Abstract
In this work, a hybrid numerical approach to predict the vibrational responses of planar structures excited by a turbulent boundary layer is presented. The approach combines an uncorrelated wall plane wave technique with the finite element method. The wall pressure field induced by a turbulent boundary layer is obtained as a set of uncorrelated wall pressure plane waves. The amplitude of these plane waves are determined from the cross spectrum density function of the wall pressure field given either by empirical models from literature or from experimental data. The response of the planar structure subject to a turbulent boundary layer excitation is then obtained from an ensemble average of the different realizations. The numerical technique is computationally efficient as it rapidly converges using a small number of realizations. To demonstrate the method, the vibrational responses of two panels with simply supported or clamped boundary conditions and excited by turbulent flow are considered. In the case study comprising a plate with 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55 properties of panel.
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In many numerical approaches to predict vibrational responses of struc-60 tures excited by turbulent flow, the system response depends on the cross 61 spectrum density (CSD) function of the wall pressure fluctuations. In order 62 to correctly describe the partial correlation of the excitation, a large number 63 of points distributed on the structural surface from which the frequency re-64 sponse functions are calculated need to be considered (Hambric et al., 2004; 65 Hong and Shin, 2010). The coupling between a statistical model to describe 66 the wall pressure fluctuations and a deterministic numerical model of the 67   3   113  114  115  116  117  118  119  120  121  122  123  124  125  126  127  128  129  130  131  132  133  134  135  136  137  138  139  140  141  142  143  144  145  146  147  148  149  150  151  152  153  154  155  156  157  158  159  160  161  162  163  164  165  166  167  168 structure represents a difficulty in the calculation process. boundary layer. The UWPW approach is summarized in what follows. The space-frequency cross spectrum of the wall pressure fluctuations is given by (Graham, 1997; Maxit, 2016) 
where Ψ pp (ω) andS pp (x − x ′ , ω) are respectively the auto spectrum density (ASD) function and normalized CSD function of the pressure field. U c is the convective velocity, ω is the angular frequency, and x, x ′ correspond to point locations on the plate. The CSD of the wall pressure field in the physical space is related to the CSD of the wall pressure spectrum in the wavenumber domain, denoted by φ pp (k, ω), using a spatial Fourier transform as follows
where i = √ −1 is the imaginary unit and k is the wavevector with compo-90 nents k x and k y in the streamwise and spanwise directions, respectively. The 91 cross spectrum of the wall pressure can be computed using different models 92 for the ASD of the pressure field and the normalized CSD of the pressure 93 field, denoted byφ pp (k, ω), independently from each other as follows
The improper integral in equation (2) can be approximated using the rectangular method by truncating and sampling the wavenumber space as follows (Maxit, 2016)
where δk x , δk y are the wavenumber resolutions in the streamwise and spanwise directions, respectively. N x and N y are the number of points considered along the k x and k y directions. The total pressure beneath a turbulent boundary layer is now represented by a set of UWPWs. As the wall plane waves 5 are uncorrelated, the CSD function of the wall pressure fluctuations induced by a set of wall plane waves can be written as
where Λ ij is the ASD function of the stochastic amplitude of UWPW with indices i and j. Equating equations (4) and (5) allows the CSD function of the pressure field by the TBL to be approximately equal to the CSD function of the UWPWs if the amplitudes of the UWPWs are
The amplitude of each wall pressure plane wave is defined such that the set of UWPWs represent the statistical properties of the WPF generated by the TBL. The statistical model to describe the WPF can now be coupled to a deterministic model based on the FEM. This important step allows the WPF to be expressed as a deterministic load input to the FEM. The WPF for the l th realization of the UWPW can be expressed by (Maxit, 2016; Karimi et al., 2019 )
where ϕ is a random phase uniformly distributed in [0 2π], expressing that 95 the waves are uncorrelated. Substituting equation (6) into equation (7) and 96 considering the q th node of an FEM mesh, the nodal pressure can be written 97 as follows
Using equation (8) as the deterministic load, FEM is now implemented to compute the l th realization of the structural displacement u l by solving the following linear system of equations
where D is the dynamic stiffness given by 6   281  282  283  284  285  286  287  288  289  290  291  292  293  294  295  296  297  298  299  300  301  302  303  304  305  306  307  308  309  310  311  312  313  314  315  316  317  318  319  320  321  322  323  324  325  326  327  328  329  330  331  332  333  334  335  336 K, C and M are respectively stiffness, damping and mass matrices of the structure, and f l is the force vector corresponding to the l th realization of the TBL pressure field given by equation (8). It should be noted that the mass and stiffness matrices are not frequency dependent and need to be constructed only once for a given geometry. After the inverse of the dynamic stiffness matrix is obtained, the plate displacement response can be computed for each realization as follows
The ASD of the plate displacement due to the TBL excitation is then calculated from the ensemble average of the different realizations by
where E [ ] represents the ensemble average over the realizations and the 99 overline denotes the complex conjugate. This process is repeated for each 100 frequency to obtain the spectra of the structural response. 
where H(x, k, ω) is the sensitivity function which corresponds to the velocity 121 at point x when the panel is excited by a unit wall plane wave. φ pp (k, ω) 122 is the CSD of the wall pressure field defined previously. Using numerical 123 integration based on the rectangular method by truncating and regularly 124 sampling the wavenumber domain, equation (13) can be expressed as
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where M and N are the truncation number of modal orders in the x and y directions, respectively. For the modal expansion, the number of modes within the extended frequency band [0 1.5ω max ] were considered, where ω max represents the highest angular frequency of interest. η is the structural loss factor, Ω mn = ρ s hL x L y /4 is the modal mass, ω mn and ϕ mn are respectively the modal frequencies and mode shapes of the panel given by 
where 449  450  451  452  453  454  455  456  457  458  459  460  461  462  463  464  465  466  467  468  469  470  471  472  473  474  475  476  477  478  479  480  481  482  483  484  485  486  487  488  489  490  491  492  493  494  495  496  497  498  499  500  501  502  503 It is worth noting that if a very wide frequency range is considered, the fre-161 quency range can be divided into frequency bands. A different mesh size 162 based on the highest frequency of interest for a given band can be employed, 163 thereby increasing the efficiency of the method. 505  506  507  508  509  510  511  512  513  514  515  516  517  518  519  520  521  522  523  524  525  526  527  528  529  530  531  532  533  534  535  536  537  538  539  540  541  542  543  544  545  546  547  548  549  550  551  552  553  554  555  556  557  558 559 560 561  562  563  564  565  566  567  568  569  570  571  572  573  574  575  576  577  578  579  580  581  582  583  584  585  586  587  588  589  590  591  592  593  594  595  596  597  598  599  600  601  602  603  604  605  606  607  608  609  610  611  612  613  614 615 616 Figure 4 compares the velocity spectra predicted analytically with the experimental data at a flow speed of 40 m/s, for a frequency range from 60 Hz to 2 kHz. The Goody model described in Appendix A was used to evaluate the ASD function of the wall pressure field. Note that Ψ pp (ω) is a one-sided radial frequency spectrum. Hence Ψ pp (ω) was multiplied by 2π to convert it to a one-sided cyclic frequency spectrum density Ψ pp (f ). For the normalized CSD function, the Corcos, generalized Corcos and Mellen models described in Appendix B were employed, whereby analytical results for each model are compared. The TBL parameters were calculated based on theoretical formula for a flat plate from literature. The boundary layer thickness δ and the displacement thickness δ * are given by (Ç engel and Cimbala, 2006) 
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where Re x represents the Reynolds number and x corresponds to the distance from the nozzle to the centre of the panel. The wall shear stress τ w was calculated using the following empirical relations (Hambric et al., 2004) 
where U ∞ is the free flow velocity, ρ f is the fluid density and ν is the kinematic viscosity. The convective velocity U c was approximated as follows (Bull, 1967 )
It can be observed from Figure 4 that previously reported (Graham, 1997) . Discrepancy between predicted results 181 for the three TBL models is examined in further detail in Appendix C. 673  674  675  676  677  678  679  680  681  682  683  684  685  686  687  688  689  690  691  692  693  694  695  696  697  698  699  700  701  702  703  704  705  706  707  708  709  710  711  712  713  714  715  716  717  718  719  720  721  722  723  724  725  726  727  728 velocity U c (Marchetto et al., 2018) . Figure 5 compares the convective speed 189 and exponential decay coefficients as a function of frequency for the Mellen 190 model extracted from the wind tunnel measurement with the standard val-191 ues of these parameters from the literature for a flat plate. Figure 5 shows a 192 good match between the convective speed given by equation (22) 729  730  731  732  733  734  735  736  737  738  739  740  741  742  743  744  745  746  747  748  749  750  751  752  753  754  755  756  757  758  759  760  761  762  763  764  765  766  767  768  769  770  771  772  773  774  775  776  777  778  779  780  781  782 783 784 785  786  787  788  789  790  791  792  793  794  795  796  797  798  799  800  801  802  803  804  805  806  807  808  809  810  811  812  813  814  815  816  817  818  819  820  821  822  823  824  825  826  827  828  829  830  831  832  833  834  835  836  837  838  839  840 3.1.2. Vibration response using the hybrid UWPW-FEM approach 219 The UWPW technique described in Section 2.1 was used to synthesize the 220 pressure field at the surface of the panel. The standard Mellen and Goody 221 models were herein used to evaluate the CSD function of the pressure field. shows that at low frequencies, a coarse mesh can resolve the waves as they 227 have larger wavelengths. However, at higher frequencies, a finer mesh is 228 needed to properly describe and synthesize the wall pressure field for plane 229 waves with short wavelengths (Figure 8(b) ). In this work, the criteria used 230 for the mesh size ensures that the plane waves with the shortest wavelength 231 corresponding to the highest frequency of interest are adequately resolved.
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A mesh of 24 elements in the streamwise direction and 21 elements in the 841  842  843  844  845  846  847  848  849  850  851  852  853  854  855  856  857  858  859  860  861  862  863  864  865  866  867  868  869  870  871  872  873  874  875  876  877  878  879  880  881  882  883  884  885  886  887  888  889  890  891  892  893  894  895  896 material properties as well as in the implementation of the boundary condi- of magnitude as shown at the convection peak in Figure C1 . Hence, at low 296 frequencies, the velocity spectra generated using the three TBL models are 297 almost identical. At higher frequencies, the predicted velocity using the three 298 models are different from each other which is consistent with the behaviour 299 of the TBL models in the wavenumber domain in Figure C1 where α x = 0.1 and α y = 0.77.
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